Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 



LE XUAN DAI 
(GV THPT Chuyen Vinh Phuc) 

Bat dang thuc (BDT) la mot trong nhu'ng dang toan thudng co trong cac de thi DH- 
CD. Cac thi sinh cua chung ta deu rat so va lung tung khi gap phai bai toan chung minh 
BDT hoac tim gia tri Ion nhat, nho nhat. Don gian la do cac bai toan ve BDT thudng la bai 
toan kho trong de thi, nham phan loai va chon duoc cac hoc sinh kha gioi. Thudng thi cac si 
tu khong biet bat dau tu dau de giai quyet cac bai toan ve BDT. Chuyen de nay muon he 
thong cho cac ban cac phuong phap co ban va mot so dang bai tap ve BDT. Hy vong se 
giup cac em hoc sinh lop 12 dat ket qua cao trong ki thi DH- CD sap tbi. 

Doc xong chuyen de nay toi tin cac ban se khong con cam giac so bat dang thuc nua 
Khi chung ta het di su so hai va ngai ngan thi chung ta se dam me va danh tinh yeu cho no. 
Danh tinh yeu va su dam me cho toan hoc noi chung va BDT noi rieng la dieu rat can thiet 
cua mot ngudi lam toan so cap chan chinh va su lang man cua toan hoc cung bat nguon tu 
do... 

Thanh cong chi den khi ban lam viec tan tam va luon nghi den nhu'ng dieu tot 

dep... 


Nhu'ng lo’i khuyen bo ich khi hoc ve BDT: 

1. Nam chac cac tinh chat co ban cua BDT. 

2. Nam vung cac phuong phap co ban chung minh BDT nhu: PP bien doi tuung 
duong; PP su dung BDT Co si; PP su dung dao ham... 

3. Dac biet chu trong vao on tap cac ky thuat su dung BDT Co si, luon biet dat va tra 
ldi cac cau hoi nhu: khi nao ap dung; dieu kien cho cac bien la gi; dau bang xay ra khi nao; 
neu ap dung the thi co xay ra dau bang khong; tai sao lai them bdt nhu vay... 

4. Luon bat dau vdi cac BDT co ban (dieu nay vo cung quan trong); hoc thuoc mot 
so BDT co ban co nhieu ap dung nhung phai chu y dieu kien ap dung duoc, chang han nhu: 

* a 2 +b 2 + c 2 > ab + bc + ca (1) vdi moi a,b,c 
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* (a + b + c) 2 >3(ab +be+ ca) (2) vbimoia,b,c 

* (a + b + c) 2 <3(a 2 +b 2 + c 2 ) (3) vbimoia,b,c 

* 1 1 . 4 1 1 1 ^ 9 ... ... 

* - + — MM —;- + — + ->- (4) voi moi a,b,c duong 

a b a+b a b c a+b+c 

* Va 2 + x 2 +^/b 2 + y 2 >yj (a + b) 2 + (x + y) 2 (5) voi moi a,b,x,y. 

* — + — > + ^ (6) vbi moi a,b duong va x,y bat ky 

a b a + b 

. x 2 y 2 z 2 (x + y + z) 2 . . , , , ; . , 

* — + — + — >--- (7) voi moi a,b,c dirong va x,y,z bat ky 

abca+b+c 


Ddu bang xay ra o cac BDT (1), (2), (3) va (4) la a=b=c. 

Dau bang xay ra b BDT (5) va (6) la — = —; b (7) la — = — = - (vbi mau khac 0). 

a b a b c 

(Cac em hay bat tay ngay vao viec chung minh cac BDT co ban tren nhe. Hay tim cho minh 
mot each giai nhat quan, don gian, nhb no va khi lam bai thi deu phai chung minh lai, roi 
moi dupe ap dung). 

Trubc het xin dua ra 3 phmmg phap thong dung nhat de chirng minh BDT 
I. PHlTGNG PHAP BIEN DOI TlTONG DlTONG: 

1. Phnong phap chung 

De chung minh A > B ta thubng thuc hien theo mot trong hai each sau: 

Cach 1: Ta chung minh A-B>0. De lam dupe dieu nay ta thubng su dung hang dang 
thuc de phan tich A - B thanh tong hoac tich cua nhung bieu thuc khong am. 

Cach 2: Xuat phat tu mot BDT dung nao do ta bien doi den BDT can chung minh. Doi vbi 
each nay thubng cho ta lbi giai khong dupe tu nhien cho lam va thubng su dung khi cac 
bien co nhung rang buoc dac biet. 

Chii y : Mot so ket qua hay su dung 

* x 2 > 0 vbi moi xeK va x 2 = 0<»x = 0 

* |x| > 0 vbi moi xeK va |x| = 0<»x = 0 

2. Mot so vi du 
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Vidu 1: Chung minh rang vdi moi a,bel ta co: a 2 + b 2 > 2ab (1) 

Gidi: Taco a 2 +b 2 -2ab = (a-b) 2 > 0=> a 2 + b 2 > 2ab (dpcm). 

Dang thurc xay ra khi va chi khi a=b. 

That dan gian phai khong cac ban, neu tinh y them mot chut thoi cac ban se tim ra nhung 
ket qua tong quat han va niem tin de vupt qua bai BDT trong de thi DH la hoan to an kha 
thi. 

Cu the la vdi ba so thuc a,b,c bat ky ta co a 2 + b 2 > 2ab ; b 2 + c 2 > 2bc va a 2 + c 2 > 2ac 
Cong timg ve cua 3 BDT ta dupe ket qua sau: a 2 + b 2 + c 2 > ab + be + ca (2) 

Co the thay ngay co hai BDT tuong duong vdi (2) rat quen thuoc la 
(a + b + c) 2 >3(ab + bc + ca) (3) vdi moi a,b,c 
(a + b + c) 2 <3(a 2 + b 2 + c 2 ) (4) vdimoia,b,c 
Chung ta se noi them ung dung tuyet vdi cua ba BDT (2), (3) va (4) d nhung phan sau 
Vidu 2: Chung minh rang vdi moi a,b,c e R ta co: a 4 + b 4 + c 4 > abc(a + b + c) 

Giav. Ap dung lien tiep BDT (2) trong vi du 1 ta dupe: 

a 4 + b 4 + c 4 = (a 2 ) 2 + (b 2 ) 2 + (c 2 ) 2 

> a 2 b 2 + b 2 c 2 + c 2 a 2 = (ab) 2 + (be) 2 + (ac) 2 

> ab.be + ab.ac + bc.ac = abc(a + b + c) 

Nhu vay neu de thi hoi cac ban mot bai nhu sau: 

“Cho 3 so thuc a,b,c thoa man a + b + c = 1. Chung minh rang: a 4 +b 4 + c 4 > abc ” thi 
chac cac ban da co co hoi cao de dat diem 10 roi! (Hay cu tu tin len nhu the!) 

Vi du 3: Chung minh rang vdi moi a,b > 0 ta co: 

a 3 +b 3 > a 2 b + ab 2 

Gidi : Ta bien doi a 3 + b 3 - a 2 b - ab 2 = (a - b) 2 (a + b) > 0, suy ra dpcm. 

Nhan xet: BDT tren that don gian nhung cung co kha nhieu ung dung vdi cac bai toan kho 
hon, chang han ta xet 3 bai toan sau: 

Bai 3.1. Cho a,b,c > 0. Chung minh rang: 

1 1 11 

—3-3-^ 3-3-1 o-o-^ - 

a +b +abc b +c +abc a +c +abc abc 
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Huang giai: Ta c6 a 3 +b 3 >a 2 b + ab 2 =ab(a + b) => a 3 + b 3 + abc > ab(a + b + c) 


Suyra - 


1 


1 


a +b +abc ab(a + b + c) 
Cung hai BDT tuong tu ta dirge 

1 1 


VT <- 


1 = — (dpcm). 


ab(a + b + c) bc(a + b + c) ac(a + b + c) abc 
Xin dira ra them hai he qua cua bai toan tren (coi nhu bai tap cho cac ban luyen tap) 

1 1 1 


* Cho a,b,c > 0 thoa man abc=l. Khi do: - 


+ b 3 + 1 b +c 3 + l a 3 + c 3 + 1 


<1 


* Cho a,b,c>0 thoa man abc=l. Khi do: —-— + —-—+—-—<1 
a+b+1 b+c+1 a+c+1 

(che dau ban chat hon) 

Bai 3.2. Cho a,b,c khong am thoa man a + b + c = 2012. Tim gia tri nho nhat cua bieu thurc 

p = 3/4(a 3 + b 3 ) + ^/4(b 3 + c 3 ) + ^4(a 3 + c 3 ) 

Huang giai: Moi nhin BDT ta cam thay rat kho khan vi co can bac 3 va dieu quan trong la 
phai xu li duoc bieu thuc trong dau can. Bat dang thuc a 3 +b 3 > a 2 b + ab 2 cho ta mot “manh 
moi ” de tim ra loi giai bai toan, nhung neu ap dung nguyen xi nhu vay thi chua on. Ta bien 
doi mot chut BDT nay 

a 3 + b 3 > a 2 b + ab 2 <=> 3(a 3 + b 3 ) > 3(a 2 b + ab 2 ) <=> 4(a 3 + b 3 ) > (a + b) 3 
Nhu vay ta co thu duoc BDT 4(a 3 + b 3 ) > (a + b) 3 . 

Chac cac ban cung dong y vdi toi rang phep bien doi do rat tu nhien chu. 

Bay gio ap dung BDT vua tim duoc ta co 

p=3/4(a 3 +b 3 ) + ^/4(b 3 +c 3 ) + ^/4(a 3 + c 3 )>(a + b) + (b + c) + (c + a) = 2(a + b + c) = 4024 

, 2012 
Dang thuc xay ra khi va chi khi a = b = c = - . 

Vay GTNN cua P bang 4024. 

Bai toan tong quat. Cho a,b,c khong am thoa man a + b + c = k . Tim gia tri nho nhat cua 

P = ^/m(a 3 + b 3 ) + ^/m(b 3 + c 3 ) + ^/m(a 3 + c 3 ) 
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(m,k la cac hang so dircmg cho truoc) 

Bai 3.3. Kf hieu A,B,C la ba goc cua mot tam giac bat ki. Tim gia tri Ion nhat cua 

p_ y/ sin A + A/sin B + ^/sinC 
~ J A J B J C 

3 COS-h . 3 COS — + 3 COS — 

V 2 v 2 V 2 

Huang giav. Day qua la mot bai toan kho, ta hay mo mam theo cac dau moi nbd nhe 
* Thu nhat: Ta da co mot danh gia rat quen thuoc trong tam giac: 


C A-B C 

sin A + sinB = 2cos—.cos-< 2cos — 

2 2 2 


* Thir hai. Cac can bac 3 goi y ta nghT tdi BDT: a + b < ^/4(a 3 +b 3 ) 


Nhu vay, ta co >/sinA + ^/sinB < ^/4(sin A + sin B) < ^4. 2cos^ = 2.^cos 


Tuong tu ta co >/sinB + ^/sinC < 2 s/cos — va >/sinA + ^/sinC < 2 3/cos — 


Cong timg ve 3 BDT tren ta duoc 

>/sinA + ^/sinB + ^/sinC < 3/cos — + 3/cos — + 

V 2 V 2 

Vay P < 1. Dau bang xay ra khi va chi kbi A=B=C 
Do do gia tri Ion nhat cua P bang 1 khi tam giac ABC deu. 

W du 4: Chung minh rang voi a,b,c la 3 canh mot tam giac bat ky ta co: 



ab + be + ca < a 2 + b 2 + c 2 < 2(ab + be + ca) 

Giai : BDT ben trai da cluing minh, de chiing minh BDT ben phai ta xuat phat tu mot BDT 
co ban trong tam giac la mtc\ < a < b + c. 

* Neu sir dung |b -c| < a thi ta bien doi nhu sau: 


a>|b-c|=>a 2 >(b-c) 2 = b 2 +c 2 -2bc=>a 2 >b 2 + c 2 -2bc 
Tuong tu b 2 > a 2 + c 2 - 2ac ; c 2 > a 2 + b 2 - 2ab. Cong theo tirng ve ba BDT ta duoc dpem. 
* Neu su dung a < b + c thi ta bien doi nhu sau: 

a<b + c=>a 2 <ab + ac, cung hai BDT tuong tir ta co dpem. 
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Vi du 5 : Chung minh rang voi moi a,b,x,yel ta c6 BDT sau (BDT Mincopxki) 


Va 2 + x 2 +-y/b 2 + y 2 > ^/(a + b) 2 + (x + y) 2 

Giai: Binh phuong hai ve va bien doi tuong duong: 


( 1 ) 


a 2 + x 2 + b 2 + y 2 + 2- N /(a 2 + x 2 )(b 2 + y 2 ) > a 2 + x 2 + b 2 + y 2 + 2ab + 2xy 
<=> ■ N /(a 2 + x 2 )(b 2 + y 2 ) > ab + xy (*) 

+ Neu ab + xy < 0 thi hien nhien (*) dung 


+ Neu ab + xy > 0 thi (*) (a 2 + x 2 )(b 2 + y 2 ) > (ab + xy) 2 <=> (bx - ay) 2 > 0 (luon dung) 

Vay bai toan duac churng minh. Dang thurc xay ra khi bx=ay. 

Chu y : Co the chung minh BDT tren bang each su dung BDT vec to rat don gian nhu sau 
(khi lam bai thi DH cac ban phai chung minh BDT nay truoc khi dung no, luc do cac ban 
hay chon mot phuong an chung minh ma cac ban cho la hay va de nho nhat. OK). 

Dat u = (a;x) va v = (b;y),khido u + v = (a + b;x + y). 


Tu BDT vec to |u + v| < u + |v| va cong thiic do dai vec to ta co ngay dpcm. 

Neu ap dung hai lan BDT (1) ta duoc BDT sau: 

Va 2 + x 2 +- N /b 2 + y 2 +Vc 2 + z 2 > ^/(a + b + c) 2 + (x + y + z) 2 voi moi a,b,c,x,y,zel. 

Nhan xet: BDT Mincopxki co rat nhieu ling dung hay va co the giai quyet duoc nhieu bai 
BDT hoc bua. Xin duoc minh hoa dieu nay qua 3 bai toan co ban sau day: 

Bai 5.1. Cho a,b khong am thoa man a + b = 1. 

a) Chiing minh rang: V 1 + a 2 + Vl + b 2 > \[5 


b) Tim gia tri nho nhat cua P = ^a 2 + + yb 2 + - 


Huang giai: 


a) Ta co Vl+a 2 + Vl+b 2 > yj( l+l) 2 + (a + b) 2 = V5 . Dang thiic xay ra khi a = b = ^ . 


b)Taco P = Ja 2 + — + ./b 2 + — >. (a + b) 2 + - + - >. (a + b) 2 + 


b 2 


1 . 1 


U b ) 


— 
U + bJ 


= Vl7. 
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Dang thuc xay ra khi a = b = ^ . Vay GTNN cua P bang VT7. 

Bai 5.2. Cho x,y,z duong thoa man x + y + z = 1. Churng minh rang: 

Hu&ng giai: Ap dung BDT Mincopxki ta dugc 


p= r + ^ + f + 7 + f V-f x+y+z) 

>jx + (*) 


1 1 1 

-1-1— 

x y z 


Dau bang xay ra khi va chi khi x = y = z = -. 

Vdi gia thiet x + y + z = l ta thay true tiep vao (*) va dugc ket qua la y/82 . Tuy nhien nhieu 
khi de bai lai cho gia thiet kho di rat nhieu, mac du dau bang van xay ra khi x = y = z = ^. 
Chang han de DH khoi A nam 2003: Cho x,y,z duong thoa man x + y+z < 1. 

\>M. 


y 


Chung minh rang: . lx 


Vdi bai toan nay ta khong the thay x + y+z = l de ra ngay ket qua nhu bai tren dugc. Dung 
trade tinh hudng nay ta co ngay hai hudng giai quyet. 

81 


Hu&ng 1 : Dat t = (x + y + z) 2 => 0 < t < 1. Ta co P>^t + —. 

Ta “tach kheo” de dung BDT Cosi: t + Y- = ^t + j-j + ^> 2^t”j-+^ = 82 => P > y/82 . 
Hu&ng 2: Van dat t = (x + y + z) 2 vaxetham f (t) = t + 0 < t < 1. 

Ta co f '(t) = l--y = -—Vt e (0;l], suy ra ham f(t) nghich bien tren (0;l]. 

Do do f (t) > f (1) = 82 => P > -JS2 . 

Hudng giai quyet thu hai se dugc de cap d phan sau cua chuyen de. 
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Bai 5.3. Cho x,y,z duong thoa man x + y+z = v5 . Tim gia tri nho nhat cua 


P = V223 + x 2 + ^223 + y 2 + V223 + z 2 


Huang giai: Ta c6 


P = V(V223) 2 + x 2 +7(V223) 2 + y 2 +V(>/223) 2+z2 ^+ (x + y + z) 2 =>/2012 


Dang thuc xay ra khi x = 


. Vay GTNN cua P bang V2012 . 


Co le khong phai noi gi them nua thi cac ban cung da thay ve dep va sue manh cua 
BDT Mincopxki. Nhirng toi lthac lai rang phai chung minh lai BBT nay tru&c khi dp 
dung nhe! 

3. Bai tap tu luyen 


Bai 1. Chung minh rang: Va, b, c, d, e e R, ta co: 
a) a 2 + b 2 + c 2 + d 2 + e 2 > a(b + c + d + e). 


a 3 +b 2 ( a+b^i 


Bai 2. Chung minh rang: 

a) (a 5 + b 5 )(a + b) > (a 4 + b 4 )(a 2 + b 2 ), Vctb:ab>0. 


b) + , vab>l. 

f 1 + a 1 + b 1 + ab 


Bai 3. Cho A ABC. Chung minh rang: 

a) a(b - c) 2 + b(c - a) 2 + c(a - b) 2 < a 3 + b 3 + c 3 . 

b) a 2 + b 2 + c 2 < 2(ab+bc+ca). 

Bai 4. Chung minh rang: 

a) 7(a-^c)(b+dy> Vab+ i J / cd , Va,b,c,d>0 


b) V(a+c) 2 +(b+d) 2 <Va 2 +b 2 +Vc 2 +d 2 ,Va,b,c,deR 


b c a a b c 
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Bai 5. Cho a, b > 0: a + b = 2. Chiing minh rang ab < a a b b 

Bai 6. Cho hai so thuc a ,b thoa man a + b > 2. Chiing minh rang : a 4 + b 4 > a 3 + b 3 
Bai 7. Cho ba so a ,b ,c e [0; 1 ]. Chiing minh rang :a + b + c-ab-bc-ca <1 
Bai 8. Cho a,b,c thoa man a + b + c = 1. Chiing minh rang: 

1 1 1 (a b c ^ 

3 a 3 b 3 c 3 b 3 cj 

Bai 9. Cho a,b,c duong. Chiing minh rang: 

Va 2 -ab + b 2 + Vb 2 -bc + c 2 +Va 2 -ac + c 2 >a + b + c 


II. PHlTONG PHAp StJ* DUNG BAT DANG THlTC CO SI 

1. Bat dang thuc Cosi 

a) Cho a > 0, b > 0. Khi do - Vab. Dang thiic xay ra khi a=b. 

b) Cho a > 0, b > 0, c > 0. Khi do a + ^ + C > ^/abc . Dang thiic xay ra khi a=b=c. 
Cac dang tirong duong la: a + b > 2Vab ; ab < j 

a + b + c>3^/abc; abc<|^ a + ^ + C j 

c) Tong quat: Cho n so thuc khong am aj,a 2 ,...,a n (n > 2) . Khi do ta co 

a 1 + a 2 + ... + a n >nVa 1 a 2 ...a n 

Dang thiic xay ra khi va chi khi a : = a 2 = ... = a n . 

Chu y: Voi cac bai thi DH- CD thong thuong chi can ap dung BDT Cosi voi 2 hoac 3 so. 

2. Mot so vi du 

W du 1: Chiing minh rang: 

a) - + —>2 Va,b>0 b) —+ - >2 Va,b*0 

b a |b a| 
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Giai. a) ap dung BDT Cosi cho hai so duong ta co: - + - > 2 - = 2 (dpcm) 

b a Vb a 

Dau bang xay ra khi a=b. 

b) Ta khong the ap dung ngay BDT Cosi vi chi co dieu kien a, b + 0. BiSn d6i tuong 
duong BDT bang each binh phuong hai ve: 


- + - 22 « -+- > 4 o — + ^>2 

a a | Vb slJ b~ a 2 


Den day theo BDT cosi thi BDT sau la dung, vay ta co dpcm 
Chu y la dau bang xay ra khi |a| = |b|. 

, , ' 3. b r 

Cung co the thay ngay rang - va cung dau nen ta co 
b a 

— + - = - + - > 2 (luc nay lai ap dung BDT Cosi duoc) 

|b a| |b| |a| 

W du 2: Cho a,b,c duong. Chung minh rang: 


a) (1) 

a b a + b 


1 1 1 9 

b) - + - + 


a b c a+b+c 


( 2 ) 


Giai. a) Neu viet lai BDT can chung minh dudi dang (a + b) - + - >4 thi hudng giai 

U b) 

quyet la qua ro rang. That vay, ap dung BDT Cosi cho hai so duong ta duoc 


a + b>2-Jab va - + - > 2 1— . 

a b v ab 


Suy ra (a + b)f - + — | > 4Vab .—= 4. Dau “=” xay ra khi va chi khi a=b 
^a b J Vab 

b) Hoan toan tuong tu vdi phan a) bang each ap dung BDT Cosi vbi 3 so. 

Nhan xet: Hai BDT trong vi du 1 co rat nhieu ling dung va cung la con duong sang tao ra 
vo van cac BDT hay. Co the noi phan ldn cac BDT trong de thi DH- CD co goc tich cua hai 
BDT nay. Noi ra cac ap dung hay cua hai BDT nay thi nhieu vo ke va khong biet se ton 
kem bao giay muc, toi xin chi dan chiing ra vai bai toan dien hinh. 

Bai 2.1. Cho a,b,c duong. Chiing minh rang: 
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1 1 
—+ — 
a b 



— + — 1 
b+c a+c ) 


(3) 


Huang giai: ap dung ba lan BDT (1) ta dugc 

11 4 11 4 11 4 

-+ —>-; —+-> - ; - + -> - 

a b a + b b c b + c a c a + c 

Cong timg ve 3 BDT tren ta dugc dieu phai cluing minh 

Dau bang xay ra khi va chi khi a=b=c. 

Co le cac ban da cam thay qua an tugng vcri lcri giai cua bai toan, kien thiic sir dung 
a day la rat dan gian nhung hieu qua. Neu tiep tuc ap dung mot lan nua BDT (3) ta dugc 
BDT sau: 


a + b b + c a + c 
Tir (3) va (4) ta dugc BDT: 


l^2a+b + c a + 2b + c 


1 ! L. ! 1 1 ) ... 

-+- + ->4 + + (5) 

a b c ^2a+b + c a+2b + c a+b + 2c y l 

Den day cac ban co nhcr tcri de thi DH khoi A nam 2004 khong. Xin dua ra day cho cac ban 
co cam giac "ti ling n't ” nhe: 


Bai 2.3. Cho a,b.c duang. Chung minh rang: 

ab be + ac < a + b + c 
a+b b+c a+c 2 

Huanggiai\ Theo BDT (1) ta co: 


Jtb^abn n 

a+b 4la bJ 


= ~(a + b) 
4 


Cung hai BDT tuang tir ta dugc BDT (7) can chimg minh. 

He (ilia: Neu cho tong ba so a,b,c thi tim dugc GTLN cria bieu thiic ve trai cua (7) 
Chang han ta dua ra bai toan kha hay sau: 
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* Cho x,y,z duang thoa man x + 2y + 4z = 12. Chiing minh rang: 

2xy 8yz 4xz 

-— + —--+-< 6 . 

x + 2y 2y + 4z 4z + x 

Voi bai toan nay, cac ban chi can coi a = x;b = 2y;c = 4z thi a + b + c = 12 va BDT can 

chiing minh tra thanh: ^ + aC < 6 (day chinh la he qua cua (7) roi. OK) 

a+bb+ca+c 

Bai 2.4. Goi a,b,c la ba canh cua mot tarn giac, p la mia chu vi tarn giac do. Chiing minh 
rang: 


1 1 1 J\ 1 

-+-+- >2 - + - + - 

p-a p-b p-c Va b c J 


( 8 ) 


Hu&ng giar. De thay p-a>0;p-b>0;p-c>0 va nhan xet rang 


(p - a) + (p - b) = 2p - a - b = c 

Dieu nay goi y ta dung BDT (1) cho hai so p-a va p-b. Cu the la: 


1 


1 


p-a p-b (p - a) + (p - b) c 
Cung hai BDT tuong tu ta duoc BDT (8) can chiing minh 
Bai 2.5. Cho a,b,c duang. Chiing minh rang: 


(a 2 +b 2 +c 2 )f—+ —!— + —^—-(a + b + c) (9) 
^ ^a+b b+c c+aj 2 V ’ 


Huonggiar. Taco VT(9)>(a 2 +b 2 +c 2 ).- 

v ’ 2(a + b 


3 3(a 2 +b 2 + c 2 ) 3 u , 

> - (a + b + c) 


2(a + b + c) 2 a + b + c 2 
(do (a + b + c) 2 < 3(a 2 + b 2 + c 2 ) ) 

Bai 2.6. Cho x,y,z duang thoa man x + y + z = 1 . Tim gia tri Ion nhat cua bieu thiic 

x y z 
x +1 y + 1 z+1 

Hu&ng giav. De co the ap dung duoc BDT (2) ta bien doi P nhu sau: 

„ x+1-1 y+1-1 z+1-1 , f 1 1 1 

x +1 y+1 z + 1 V x+ i y+i Z + 1 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


9 9 p^O 9 3 

-= - , suy ra P < 3 — 

\ • 1 y + 1 z + 1 x + y + z + 3 4 4 4 

1 - 3 

Dau bang xay ra khi va chi khi x = y = z = -. Vay GTLN cua P bang —. 

Vdi lbi giai nhu tren cac ban co the lam hoan toan tuong tu vdi bai toan tong quat hon 
Bai 2.7. Cho x,y,z dirong thoa man x + y + z = l vakla hang so dirong cho trade. 


Tim gia tri ldn nhat cua bieu thuc P =-1---1-. 

kx+1 ky + 1 kz + 1 

Bai 2.8. Cho a,b,c duong thoa man a + b + c < 1. Tim gia tri nho nhat cua bieu thuc 

D 1 1 1 
a + 2bc b + 2ac c + 2ab 

9 9 


Huong giav. Ta co ngay P > 


a 2 +2bc + b 2 +2ac + c 2 + 2ab (a + b + c) 2 


Dau bang xay ra khi 


a = b = c 1 

<=>a = b = c = -. Vay P min = 9. 
a + b + c = 1 3 mm 


Bai 2.9. Cho A,B,C la ba goc cua mot tarn giac. Chung minh rang: 


1 


1 


Huong giav. Ta co 


2 + cos2A 2 + cos2B 2-cos2C 5 
1 1 1 9 


2 + cos2A 2 + cos2B 2-cos2C 6 + cos2A + cos2B - cos2C 


De chung minh duoc rang cos2A + cos2B - cos2C < — (cac ban hay tu chung minh nhe) 


Suy ra 


2 + cos2A 2 + cos2B 2-cos2C ^ 3 5 

O H— 

2 


= - (dpcm) 


Bai 2.10. Cho a,b,c duong thoa man a + b + c = 1. Chung minh rang: 

f —+ —+ —>30 (10) 


a 2 +b 2 +c 2 ab be ac 
Huong giai : Ta danh gia ve trai cua (10) mot each rat tu nhien nhu sau: 


1 


1 1 1 . 


1 


» 2 + b 2 + c 2 ab be ac a 2 + b 2 +c 2 ab + bc + ca 
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Chuyen de Bat dang thuc LTDH n 


1 1 1 | 7 

—^-1-H- 

b+c ab + bc + ca ab + bc+caj ab + bc + ca 


;--- j 4-—-> — + Y = 30 

(a + b + c) ab + bc + ca 1 £ 

3 


(do BDT co ban ab + be + ca < -(a + b + c) = - ) 


3. Bai tap tu luyen 

Bai 1. Cho a, b, c > 0. Chung minh rang: 


a) (a+b+c)(- + ^ + -)>9. 
a b c 


b) (1 +a)(1 +b)(1 +c) > (l + Vabc] 


„ a"+b “ b~+c c+b 2 


b+c c+a a+b 2 


Bai 2. Tim gia tri nho nhat cua moi bieu thiic sau: 


Bai 3. Cho a, b, c > 0 thoa man: a + b + c = 2. Tim gia tri nho nhat cua: T = a 3 + b 3 + C 3 
Bai 4. Cho x, y, z>0:x + y + z= l. Tim Min: R = x 4 + y 4 + z 4 . 

Bai 5. Tim gia tri Ion nhat cua moi bieu thuc sau: 

M = x(3 - 2x); (0 < x < 3 / 2). 

N = (1 — x)(2 — y)(4x + y); (0 < x <1, 0 < y< 2). 

P = x(l - x) 3 ; 0 < x < 1. 

Bai 6. Chung minh rang vbi a, b, c > 0 ta co: 

, a+ b b+c c+ a ^ c 

cab 


b+c c+a a+b 2' 


be ca ab 

c) — + — + — >a+b+c 
a b c 


d) (a 2 +b 2 +c 2 ) -+-+- >-(a+b+c) 

' 'la i b b+c c+aj 2 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


') a , b [ c jhnl 
2 +b 2 b 2 +c 2 c 2 +a 2 2^a b cj 


f) a+b , b+c | c+a < ( r l + l + l > | 
a 2 +b 2 b 2 +c 2 c 2 +a 2 [a b cJ 

Bai 7. Cho A ABC voi ba canh la a,b,c. CMR: ---+---+---> 3 . 

b+c-a c+a-b a+b-c 

Bai 8. Cho a, b > 1 . Chung minh rang: aVb-1 + bVa-1 < ab. 

Bai 9. Cho A ABC. Chung minh rang: 

a) (p-a)(p-b)(p-c)<^abc. 

O 


1 1 1 ^,,1 1 1 . 

b)-1-— h- > 2 (—t- — -t—). 

p-a p-b p-c a b c 

Bai 10. Cho a,b,c >0 va a+b + c <1. Chung minh rang: 


a 2 +2bc b 2 +2ca c 2 +2ab 


Bai 11. Chung minh rang: 

a) a + —-—>3, Va>b >0 
b(a-b) 


c) a +->3 ,Va>b >0 

(a-b)(b + 1) 


e) -+ — - -<- Vx,y eR 

1 + 16x 4 1 + 16y 4 4 


b) a +--->2y^2, Va>b>0 

b(a-b) 2 

d) 1 2 ' - >-2 , VaeR 
V a 2 + 1 

f) (x + l) 2 ^+^ + lj>16 Vx>o 


Bai 12. Cho a,b,c > 0 va a + b + c = 1. CMR: abc(a+b)(b+c)(c +a) < 


8 

729 


Bai 13. Cho a,b,c >0 va a 2 +b 2 +c 2 =1. CMR: a + b 

b +c c+a 


_c_>3 -S 

a 2 +b 2 2 


Bai 14. Cho a,b,c>0: -+- 
a c 


2 

b 


. CMR: 


a + b 
2a-b 


Bai 15. a) Cho a , b , c > 0 va ——+^—+^— >2. CMR: abc<- , 

1+a 1+b 1+c 8 

b)Cho a,b,c,d >0 thoaman —— + ^— + ^—+^— >3 .CMR: abcd< — 
1+a 1+b 1+c 1+d 81 

Bai 16. Cho a, b,ceRva a + b + c =0. CMR: 8 a +8 b +8 C >2 a +2 b +2°. 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


, 2 

Bai 17. Chiing minh rang (x+2) 2 +->3 (x>0) 

x + 2 

■, 4 

Bai 18. Cho a>0, b>0vaa + b = 1. Chiing minh rang ab < —. 

' - 2x 9 

Bai 19. Chiing minh rang neu x > - 3 thi — + --— > 1 

3 ( x+3 y 

, , 4 

Bai 20. Chiing minh rang neu a > b > 0 thi a +-- > 3 

(a -b)(b + l) 2 

2 3 

Bai 21. Tim gia tri nho nhat ciia bieu thiic Q = x + y biet x > 0, y > 0 thoa man: — + —= 1 

x y 

Bai 22. Vai xyz = 1, x, y, z > 0. CMR:-vJrV * r '$^' + —— ^ - 
z+y x+z x+y 2 

a 3 b 3 

Bai 23. Tim gia tri nho nhat ciia P = -+- voi a, b la cac so duong thoa man dieu 

6 ’ 1 + b 1 + a B 

kien ab = 1. 


2 3 

Bai 24. Tim gia tri nho nhat ciia P = — + — vbi x, y la cac so duong thoa man x+y=l. 

x y 


Bai 25. Cho x, y, z > 0. Chiing minh rang 


4 ( z ± z ) +9 ( il£ ) +16 ( z «) i26 


Bai 26. Cho x + y= l,x, y>0. Tim gia tri nho nhat ciia bieu thiic: A = 

Bai 27. Cho x, y > 0 , x+ y= 1 . CMR: ^ < x 2 + y 2 < 1 

Bai 28. Cho a + b = 5, a, b > 0. Tim gia tri nho nhat P = — + - 

a b 

Bai 29. Cho x,y,z duong thoa man xyz=l. Tim gia tri nho nhat ciia 

a) P=x+y+z b)P=Vx + ^/y + Vz c) L*. 1- + !- 

Vx -y/y V z 

2\[a 2\Jb 2\lc 1 1 1 

Bai 30 . Cho 3 so a,b,c > 0. CMR: 3 ]_ .2 + .3^ 2 + 3^ 2 < 12 + 0 + 22 
a+b b+c c+a a be 


1 1 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Bai 31. Cho x ,y ,z e [0;1], CMR: (2 X + 2 y + 2 Z )(2" X + 2" y + 2~ z ) < y 

BM32Xhoa>3;b>4;c>2.r 1 mGTLNcuaA = ab ^ rT + bC ^ :y + Ca ^ r7 

Bai 33. Cho a,b,c duong . Chung minh rang: 

1 1 4 16 _ 64 

—i-1-1-^- 

abed a+b+c+d 

Bai 34. Cho a,b,c duong thoa man a + b + c = 1. Chung minh rang: 

^/a + b+^/b + c+^/a+^<^/l8 

Bai 35. Cho a,b,c duong thoa man ab + be + ca = 5. Chung minh rang: 

3a 2 +3b 2 + c 2 > 10 

Bai 36. Cho a,b,c duong thoa man abc=l. Chung minh rang: 
a) a 3 + b 3 + c 3 > a + b + c 


b) a + b + c > a + b + c 

Bai 37. Cho a,b,c duong thoa man abc=l. Chung minh rang: 


4" I X b+ c" I K° + a" 1 ) Sl 


Bai 38. Gia su a,b,c la ba canh cua mot tarn giac. Chung minh rang: 

a b c 

a+b-c b+c-a c+a-b 

Bai 39. Cho a,b,c duong thoa man a + b + c = 1. Chung minh rang: 

(1 + a)(l + b)(l + c) > 8(1 - a)(l - b)(l - c) 
Bai 40. Cho a,b,c duong thoa man a + b + c = abc. Chung minh rang: 
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Chuyen de Bat dang thirc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


De cac ban co them ky thuat khi ap dung BDT Cosi toi xin gibi thieu mot chut ve 
phuang phap chon diem roi cosi. Day co the noi la mot “tuyet chieu ” doc dao giup cac em 
nhanh chong tim ra lbi giai bai toan. 

III. PHlTONG PHAP THEM HANG Tl VA CHON DIEM ROI COSI 

Tu viec dir doan dupe dau bang xay ra (diem roi Cosi), them bdt cac so hang cho phu 
hop va sir dung kheo leo bat dang thuc Cosi ta co the dat dupe nhung ket qua khong ngb. 
De co dupe mot dinh huong dung dan chung ta thuc hien cac buoc phan tich bai toan nhu 
sau: 

1. Du doan dau bang xay ra hay cac diem ma tai do dat dupe GTLN, GTNN. 

2. Tu du doan dau bang, ket hop vbi cac BDT quen biet, du doan each danh gia (tat 
nhien la them mot chut nhay cam va kha nang toan hoc cua moi ngubi) cho moi 
bai toan. Chu y rang moi phep danh gia phai dam bao nguyen tac “dau bang xay ra 
b moi bubc nay phai giong nhu dau bang ma ta da du doan ban dau”. 

De lam ro dieu nay toi xin phan tfch each suy nghi tim ra lbi giai trong cac vi du sau: 
Vi du 1. Chung minh rang vbi Va,b,c > 0 ta co: 

a 2 b 2 c 2 
— + — + — >a + b + c 
b c a 

Phan tich bai toan: 

* Trubc het ta nhan thay neu ap dung ngay bat dang thuc Co si cho 3 so thi khong ra 
dupe ket qua mong muon. 

* De nhan thay dau bang xay ra khi a = b = c. 

a 2 . a 2 
Khi do — = . .Vi vay ta them b vao phan tir dai dien — de co chung minh sau: 
b b 

Liri giai. 

Ap dung bat dang thuc Co si cho hai so duong ta co: 

— + b > 2a; — + c > 2b; — + a > 2c 

b c a 

a 2 b 2 c 2 a 2 b 2 c 2 

=> — + bn-tc + — + a>2a + 2b + 2c=>- 1 - 1 — >a + b + c 

b c a b c a 

Vi du 2. Chung minh rang vbi x,y,z > 0 ta co 

x 3 y 3 z 3 2 2 2 

— + — +— >x +y +z 
y z x 

Phan tfch bai toan: 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Ta thay rang vdi hang tur — c6 the co hai hudng sau: 

y 

Huong 1 : Them — + xy > 2x 2 , cung vai BDT ca ban x 2 + y 2 + z 2 > xy + yz + zx 

y 

cong cac bat dang thiic lai ta co dieu phai chiing minh. 

x 3 x 3 2 2 y 3 y 3 2 2 z 3 Z 3 2 2 ' 

Huang 2: Them- 1 -+ y >3x; — + — + z >3y ;—I-+ x >3z roi cong lai 

y y z z xx 

ta co dieu phai chiing minh. 

Vi du 3. Cho x, y, z la cac so duong thoa man xyz = 1. Chiing minh rang: 

x 3 + y 3 +z 3 > x + y + z 

Phan tfch bai toan: 

* Du doan dau bang xay ra khi x = y = z = 1. 

* Ta muon dat hai muc dich la danh gia giam bac tu bac 3 xuong bac 1 va dam bao 
dau bang khi x=l, nhu vay phai sir dung BDT cosi vdi 3 so, do la dieu de hieu. Vay thi phai 
them hang so nao vao vdi x 3 . Chac cac ban deu thong nhat do la so 1 roi. 

Ldigiai : Ap dung BDT Cosi cho 3 so duong ta dupe 

x 3 +1 + 1>3x; y 3 +l + l>3y; z 3 +l + l>3z 
Cong timg ve 3 BDT ta dupe : x 3 + y 3 + z 3 > 3(x + y + z) - 6 
Matkhac x + y + z>3^/xyz = 3 nen 3(x + y + z)-6>x + y + z 
Vay bai toan dupe chiing minh. 

Cung theo hudng nay ta co cac ket qua sau: 

Vdi x, y, z la cac so duong thoa man xyz = 1 ta co: 
x 3 + y 3 + z 3 > x 2 + y 2 + z 2 
x 2012 + y 2012 + z 2012 > x 2011 + y 2011 + z 2011 

(Cac ban hay chung minh cac ket qua nay nhe) 

Vi du 4. Cho a, b, c duong thoa man abc=l. Chiing minh rang: 

a 3 b 3 c 3 ^ 3 

(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) 4 

Phan tfch bai toan: 
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Bien soan: Thay Le Xuan Dai cvp 


• Ta se them cho -nhung hang tu gi? De tra lbi duoc cau hoi do cac 

(1 + b)(l + c) 

ban chu y la dau bang xay ra khi a=b=c=l. 

T , lv a 3 1 1 + 1 1 + b 1 + c 

• Luc do thi-= =-=-=- 

(l + b)(l + c) 4 8 8 8 

Vi vay ta co each chung minh sau: 

Lai giai : Ap dung BDT Cosi cho 3 so duong ta dupe 
a 3 1 + b 1 + c 


(1 + b)(l + c) 8 
Cung hai BDT tuong tu ta co: 

a 3 b 3 


-> 3.: 


a _ 1 + b We _ 3 

(1 + b)(l + c) 8 ' 8 _ 4 a 


c 3 3 1 . 3 .. 

-+ —> —(a + b + c) > — (dpcm). 

(1 + b)(l + c) (1 + c)(l + a) (1 + a)(l + b) 4 2 2 

Dieu phai chung minh. 

Vi du 5. Cho a, b, c duong. Chung minh rang: 

a 3 b 3 c 3 ^ 1 


b(c + a) c(a + b) a(b + c) 2 


>—(a + b + c) 


Phan tich bai toan: 

* Du doan dau bang xay ra khi a=b=c. 

* Khi do a = a = — = C + a = —. Viet nhu vay vi dung y cua ta la phai 

b(c + a) a(a + a) 2 4 2 

khu duoc mau so b ve trai. Nhu vay co the thuc hien loi giai don gian nhu sau: 

Lei giai : Ap dung BDT Cosi cho 3 so duong ta duoc 

a 3 c + a b^ 0 a 3 c + a b 3 

-+-+ ->3.3-.-.- = -a 

b(c + a) 4 2 ]]b(c + a) 4 2 2 

Cung hai BDT tuong tu ta co dieu phai chung minh. 

Vi du 6. Cho a, b, c duong thoa man a + b + c = 3. Tim gia tri lbn nhat cua 

P = Va + 2010b + % + 2010c + 3/c + 2010a 


Phan tich bai toan: 

* Du doan P dat GTLN tai a = b = c = 1 (tat nhien khong phai luc nao dieu du doan 
cua ta cung dung) 

* Khi do yja + 2010b = ^/2011 va du doan gia tri lbn nhat cua P bang 3^/2011 
(the nay ma thi trac nghiem thi ngon qua...) 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


* Bay gib vbi mot tham so m>0 nao do, ta viet 

,/- 77 — 7 - 1 r - x - 1 (a + 2010 b) + m + m 

3 /a + 2010 b = - r =.^/(a + 2010 b).m.m<- r =.----. 

v m 2 vm 2 3 


Van de bay gib la ta chon m bang bao nhieu thi phu hop? 

De thay dau bang xay ra khi J = 

[a + 2010 b = m 

Lbi giai: Ap dung BDT Cosi cho 3 so duong ta co: 


> m = 2011 


^TM0b= ‘ . # + 2010b).2011.2011 , ‘ . (a + 2010b) + 2011 + 2011 

l/2oI? V V 201 F 3 

Cung hai BDT tuong tir va cong lai ta dupe: 

p ^ 1 / 2011 (a + b + c) + 6 . 20 in = ^ 

lj2Olf l 3 J 

Dau bang xay ra khi a = b = c = 1. Vay GTLN cua P bang 3^/2011. 

Vi du 7. Cho a,b,c khong am thoa man a+b+c=3. Tim gia tri nho nhat cua 

P =a 3 + 64b 3 + c 3 . 


Phan tich bai toan: 

Day la bai toan ma cac vai tro cua cac bien khong nhu nhau. Tuy nhien ta van du 
doan dupe P dat GTNN khi a=c. Van de la bang bao nhieu thi chua the noi ngay dupe. De 
biet dieu do ta xet hai tham so a,P > 0 va viet P nhu sau: 

P =(a 3 +a 3 +a 3 ) + (64b 3 +p 3 +p 3 ) + (c 3 +a 3 + a 3 ) -4a 3 -2p 3 
Ap dung BDT Cosi ta co: 

P > 3a 2 a + 3.4p 2 b + 3a 2 c - 4a 3 - 2p 3 (*) 
fa = c = a 

Dau bdng xay ra khi j b = p/ 4 2a + ^ = 3 (1) 

[a + b + c = 3 

Den day van chua du de co the tim ra a, P. 

De y rang gia thiet cho a+b+c=3 nen tir (*) ta se lam cho cac he so dung trubc a,b,c bang 
nhau. Cu the la 3a 2 = 12p 2 (2) 

Tir (1) va (2) de tim ra a = —,P = —. 
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Bien soan: Thay Le Xuan Dai cvp 


24 3 12 3 

Khido a = c = —,b= — va P>^ 

Moi thu the la on. Cac ban hay tu viet lai lbi giai bai toan nay va “nang ndng ” trong niem 
vui chien thang nhe. 

Nhan xet: Neu ta bo gia thiet a+b+c=3 thi ta co the thu dugc BDT sau: 

Cho a,b,c khong am. Chung minh rang 

289(a 3 + 64b 3 + c 3 ) > 64(a + b + c) 3 . 

Loi giai cua bai toan nay danh cho ban doc (goi y la co the chuan hoa de dua ve bai 
toan d tren). 

W du 8. Cho x,y,z duong thoa man xy + yz + xz = 1. Tim gia tri nho nhat cua 


P =3(x 2 +y 2 ) + z 2 . 

Phan tfch bai toan: 

Chac khong phai binh luan gi thi cac ban deu cong nhan voi toi rang bai toan nay 
qua hay, cau true dep mat nhung khong he de dang. Tat nhien ai chang mong rang de bai se 
cho tim GTNN cua P = X 2 + y 2 + Z 2 hoac vui hon la tim GTNN cua 


P = X 2 + y 2 + Z 2 + 2013 .... Ta tro lai qua trinh phan tfch va tim toi loi giai cho bai toan: 

Dieu kien rang buoc d gia thiet la doi xurng vbi x,y,z, nhung trong bieu there P chi 
doi xung vdi x,y; vai tro cua z vbi x,y la nhu nhau. Vi vay ta du doan P dat GTNN khi x=y 


va — = ax = ay (vbi a > 0 nao do). 


Ta dua ra danh gia nhu sau: 

ax2+ T “ 2 if- xz; ay 2 + y- 2 ]/f - yz +y2 )~ 2 S' xy 

Do do: ['a + ^ j.(x 2 + y 2 ) + z 2 > 2.^|.(xy + yz + xz) = 2^. 

Nhu the ta chon a > 0 sao cho a + = 3 (so 3 trong de bai), co the thay ngay 

mot so a = 2. 


z = 2 x = 2 y 


xy + yz + xz = 1 

Dau bang xay ra khi \ z 2 < 

I — = ax 2 = ay 2 [xy + yz + xz = l 


h-* 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Luc do GTNN cua P bang 2. 

Cac ban hay bat tay twgiai bai toan twang tw sau nhe: 

Cho x,y,z ducmg thoa man x + y + z = 1. Tim gia tri nho nhat cua 


IV. PHlTONG PHAp Sir DUNG DAO HAM 

1. Noi dung phmrag phap 

a) Cac kien thwc lien quart: 

1. Ham f(x) dong bien tren D khi va chi khi f '(x) >0 VxeD. 

2. Ham f(x) nghich bien tren D khi va chi khi f '(x) <0 VxeD. 

3. Cho ham f(x) dong bien tren D, khi do vdi u,veD ta co: u > v <^> f (u) > f (v) 

4. Cho ham f(x) nghich bien tren D, khi do vdi u,veD ta co: u > v <^> f (u) < f (v) 

b) Phwang phap giai\ De chung minh BDT bang PP dao ham, ta khao sat su bien thien 
cua mot ham so f(x) nao do co lien quan tdi cau true cua BDT can chung minh. Tu su bien 
thien cua ham so f(x) ta suy ra BDT can chung minh. Chu y la cac bien bi rang buoc theo 
gia thiet cua bai toan. 

De cac ban co the hieu ngay tu tubng cua phuong phap nay tdi xin dua ra mot bai 
toan don gian sau: 


“ Cho a > b. Chung minh rang: a + -J -— > b + — ” 

a 2 +1 b 2 + 1 

Cac ban co the chung minh bai toan nay bang PP bien doi tuong duong, tuy nhien 

nhin vao dac diem hai ve cua BDT ta xet ham so f (x) = x + —-— vdi xeR 

x 2 +l 


rr , 1 2x x +2x~+l-2x X +x +(x-l) . 

Ta co f (x) = 1---- =-----=-----> 0 voi mot xel 


(x 2 +ir (x 2 +ir 

Suy ra ham f(x) dong bien tren R. 


(x 2 +l) 2 


Ma a > b => f (a) > f (b), hay a + —^— > b + — (dpcm). 

a +1 b +1 

Nhan xet: Bai toan tren da the hien kha ro ve PP su dung dao ham trong bai toan BDT. 
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Chuyen de Bat dang thuc LTDH 



X 2 

f'(x) = C0SX-1 + —; f"(x)=-sinx + x>0 (theophana) 

Do do f '(x) > f '(0) = 0 => f (x) > f (0) = 0 (dpcm). 

2x 2 

c)Xetham f(x) = sin X -, taco f '(x) = COSX-. 

n n 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Den day kich ban khong nhu hai phan (a) va (b) nua vi f (x) co nghiem duy nhat 
X = a e |^0; yj • Co le den day cac ban se lung tung. Hay that binh tihh va nho lai rang khi 

dao ham f (x) co nghiem trong doan j^Olyj ta phai nghi toi bang bien thien cua no (hay ve 
ngay ra nhap BBT di). 

Trr BBT ta suy ra ngay f(x) > f = 0 . Vay sinx > — (dpcm). 

Vi du 3: Cho X > 2 . Chung minh rang X + — > ^ (6) 

Ld'i gidi. Neu ban nao chua thao ve viec su dung BDT Cosi de giai bai toan nay thi PP su 

dung ham so la mot “vw khF de lap 16 hong do. That don gian khi ta xet ham so 

1 1 X 2 -l , 

f (x) = X + — voi X > 2 . Ta co ngay f '(x) = 1 —j = —— > 0, suy ra ham f(x) dong bien 

tren [2;+oo).Dodo f(x)>f(2) = -| (dpcm). 

Dang_2: Bat dang thuc can chung minh co nhieu bien 
Vi du 1 : Cho a,b,c duong. Chung minh rang: 

a + b + c + -v/abc > 10 ^ 

-v/abc a + b + c 3 

Loi gidi. Dat t = a + , ^ + C , khi do theo BDT Cosi thi t > 3. 

Vabc 

Ta can chung minh t + ^^- voi t>3. 

Den day thi bai toan dupe giai hoan toan tuong tu voi viec chung minh BDT (6). 

Dau bang xay ra khi va chi khi a=b=c. 

Vi du 2: Cho a,b,c duong thoa man a 2 + b 2 + C 2 = 1 . Chung minh rang: 

a b c 3^3 


b 2 +c 2 c 2 + a 2 a 2 +b 2 2 

Gidi. Tu gia thiet ta viet lai (8) duoi dang: 


( 8 ) 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


a b c 3^3 a 2 b 2 c 2 3>/3 2 2 2 

-7 H--7 >-<=>--—1--—1- t— >-(a +b +c ) 

1-a 1-b 1-c 2 2 a(l-a ) b(l-b 2 ) c(l-c 2 ) 2 

Chu y them rang a, b, C e (0; 1) 


Dieu nay cho ta nghT toi viec chiing minh x(l - X 2 ) < vbi X e (0; 1) 


Xethkn so f(x) =x(l — X 2 ) tren khoang (0;1) ta dirge ngayket qua tren. 

Chu y: Co mot each hoi theo dang hinh hoc kha thu vi cua bai toan tren nhrr sau: 

Cho hinh hop chu nhat co do dai ba canh la a,b,c va do dai dubng cheo chinh la 1. 

Tim gia tri nho nhat cua P = , & ^ ^ —- . 

b +c c"+a a +b 

Vidu 3. (DH Khoi A-2003): Cho x,y,z duong thoa man X + y + Z < 1 . Chung minh rang: 


(9) 

Gidi. Dat ve trai cua (9) la P. Theo cac ket qua quen biet ta co: 


P >, (x + y+ z ) 2 + 


1 1 1 

x y z 


> (x + y + z ) 2 


9 

x + y + z 


Neu gia thiet cho X + y + Z = 1 thi da qua on roi, nhung 0 day gia thiet lai cho X + y + Z < 1 . 
Gia thiet nay thubng lam cho cac em HS boi roi. Tai sao khong nghT toi ham so nhi. Cac 

81 

ban chi can dat (x + y + z) 2 = t thi 0 < t < 1 va BDT can chiing minh trb thanh t + — > 82 
voi 0 < t < 1 . Dieu nay thi qua don gian roi. 


Chu y la dau bang van xay ra khi x + y + z = 1 va x=y=z, hay x = y = z 


1 

3 


Nhu vay siic manh cua PP ham so that kinh khung va co the xuyen thung bat ki 
“hang phdng ngu nao ” cho du gia thiet va ket luan cua bai toan moi nhin da choang. Toi 
xin dan chiing them mot vai bai BDT “khong doi xung ” nua, co le cac ban se tarn phuc 
khau phuc dieu toi noi thoi. 

Vi du 4. Cho a,b,c duong thoa man a+b+c=l. Tim gia tri nho nhat cua 


P = a 3 +b 3 + —c 3 
4 


26 





Chuyen de Bat dang thuc LTDH 


Giai. Sir dung danh gia a 3 + b 3 > , suy ra 

4 4 4 4 4 

Ta da thanh cong khi dua BDT voi 3 bien ve chi con 1 bien c, chu y la c e (0;1). 

Xet hkn f(c) = —(3c 2 -3c +1), taco f '(c) = —(6c-3) = 0<=>c = - 
4 4 2 


/ 1 \ 1 

fa = b [ 

‘ — = —. Dau bang xay ra khi 


KV 16 ‘ 

[ C= 2 1 


Vay GTNN cua P bang —, khi a = b = —;c = —. 

16 4 2 

Vi du 5. Cho a,b,c khong am thoa man dieu kien a+b+c=l. Chung minh rang: 


ab + bc + ca-2abc<— (10) 
27 


Giai. W.L.O.G, gia sir c la so nho nhat trong 3 so a,b,c. Khi do c e 0;- 


Ta se tap trung vao viec danh gia VT cua (10) theo bien c. 
Ta co ab + be + ca - 2abc = c(l - c) + ab(l - 2c) < c(l - c) + 


Xet ham so f (c) = c(l - c) + - (1 - 2c) vbi ce O' 


Ta co f '(c) = —c(l - 3c) > 0, suy ra ham f(c) dong bien tren 0;- 


Do do f (c) < f (dpcm). Dau bang xay ra khi va chi khi a = b = c = ^. 


3. Bai tap tu luyen 
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Chuyen de Bat dang thuc LTDH i 



Bai 8. Cho 0 < x < |. CMR: 2 2sinx + 2 tmx > 2 2 +1 . 

Bai 9. Cho 0<b<a. CMR: — < I n - < —. 

a b b 

Bai 10. a) Cho t> 1. CMR: | n t-^^->0 
t + 1 

b) Cho x>y>0. CMR: HI> , X ~^ . 

2 Inx-lny 

Bai 11. Chiing minh rang Vx 2 -x + 1 + Vx 2 -xV3 + 1 > V2 . 

Bai 12. (Khoi A-2003). Cho x,y,z>0 thoa man: x+y+z< 1. Chung minh rang: 
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Chuyen de Bat dang thuc LTDH 


rrrrr?^' 

Bai 13. (Khoi D-2001). CMR vdi moi x>0 va vdi moi a>l ta luon c6 x“ + a-l>ax. 


Tir do hay CMR: Vai ba so duong a,b,c bat ki ta co: 


a 3 b 3 c 3 a b c 


Bai 14. Chung minh rang vdi moi x>0 ta co: cosx> 1- 


Bail5. Cho tam giac ABC nhon. Churng minh rang 

sinA + sinB +sinC +tanA +tanB +tanC >2n 


Bai 16. Chung minh rang moi x > 0 thi ta co: e x - e x 


Bai 17. Cho xe 0;— . CMR: —->8. 

^ 4 ) sin^x(cosx-sinx) 


Bai 18. Tim GTNN cuaham so f(x) = 4x +-+sinx, x > 0 


Bai 19. Cho 0 < a < —. Chung minh rang 2.a + — r > 3 


Bai 20. Cho x > y > z > 0. Chung minh rang: 

x z y x y z 

z y x y z x 

Bai 21. Cho x,y,z khong am thoa man x 2 + y 2 + z 2 = 1. Chung minh rang: 


6(y + z - x) + 27xyz < 10 

Bai 22. Cho x,y,z, duong thoa man x+y+z=4 va xyz=2. Tim GTLN va GTNN cua 
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Chuyen de Bat dang thuc LTDH 



* Ta c6: i+x 2 >2x => x <-. Tirang tir —^— <- v& 

1+x 2 2 • 1 + y 2 2 1 + z 2 2 


1+x 2 1+y 2 1 + z 2 2 


1 + y 1 + z (1 + x) + (1 + y) + (1 + z) 3 + (x+y + z) 6 2 


Bai 3: Cho a, b, c > 0 sao cho abc = 1. Tim GTNN cua P = - 


be ca ab 

a 2 b+a 2 c b 2 a+b 2 c c 2 a+c 2 b 
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Bai giai 

Ta co (1) tuong duong 

a 3 +b 3 +c 3 +a 3 b 3 +b 3 c 3 +c 3 a 3 >ab 2 +bc 2 +ca 2 +a 3 b 2 c + ab 3 c 2 +a 2 bc 3 . 
ap dung BDT cosi cho ba so duong ta co: 
a 3 +b 3 +b 3 >3ab 2 
b 3 +c 3 +c 3 >3bc 2 
c 3 +a 3 +a 3 >3ca 2 

Tudo suyra 3(a 3 +b 3 +c 3 )>3(ab 2 +bc 2 +ca 2 ) » a 3 +b 3 +c 3 >ab 2 +bc 2 +ca 2 (2) 
Tuongtutaco a 3 b 3 +b 3 c 3 +c 3 a 3 >ab 3 c 2 +a 2 bc 3 + a 3 b 2 c (3) 

Tu (2) va (3) suy ra: a 3 +b 3 +c 3 +a 3 b 3 +b 3 c 3 +c 3 a 3 >ab 2 +bc 2 +ca 2 +a 3 b 2 c + ab 3 c 2 +a 2 bc 3 
Bai 5: Cho a, b, c > 0: -+^-+- = 3 . Chungminhrang (l+a)(l+b)(l+c)>8 (1) 
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Chuyen de Bat dang thuc LTDH 


Bignd6i(l)« 1 + 1 1 + 1 1 + 1 MUo(2) 


Ta co VT(2) = 1 


1111 1 1 7 


a b c ab be ca abc 


>4+3-=J^=-^— >4 + —-— (do abc>l) 

ya 2 b 2 c 2 abc abc abc 


Bai 6: Cho x, y, z > 0. Chung minh rang: 


2>/x 2 Vy 2 >/z 1 1 1 


Taco: 2 ^ x , i 2 ^ z < 2 VV t 2 4-,U , 

x 3 +y 2 y 3 +z 2 z 3 +x 2 2^/x 3 y 2 2^/y 3 z 2 2 a/z 3 x 2 


11 111 111 1 1 1 1 


2(x 2 y 2 J 2(y 2 z 2 J 2(z 2 


Bai 7: Cho a, b > 0 thoa man a + b = 1. Chung minh rang 


Theo BDT Cosi ta co (x + y)|-+- )>4 , Vx,y >0 va — > —-—, Vx,y >0 
v ; (x j) xy (x + y) 2 


*' 1 1 1(1 1 4 4 „ „ „ 

Dodo — +-=-+ -+- >-+->2 + 4=6. 

ab a 2 +b 2 2ab (2ab a 2 +b 2 J 2(a+b) 2 2ab+a 2 +b 2 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Bai 8: (Khoi A- 2003). Cho x, y, z la ba so duong thoa man x + y + z < 1 . Chung minh rang: 


Bai giai 

Gap nhung bai toan dang nay ta thuong su dung BDT sau (BDT Mincopxki) 

yjx 2 +a 2 +yjy 2 +b 2 >ij(x + y) 2 +(a+b ) 2 (1) voi moi a,b,x,y 
\lx 2 +a 2 + sjy 2 +b 2 + Vz 2 +c 2 > ^(x+y + z ) 2 +(a+b+cf (2) voi moi a,b,c,x,y,z 
Chung minh BDT (1) that dcm gian, co the dua ra 2 each nhu sau: 

Cach 1: Bien doi tuong duong (1) bang each binh phuong hai ve va dua ve BDT dung 
(bx-ay) 2 > 0 

Cach 2: Su dung BDT vec to 

Voi moi vec to m , v ta co | u | + | v |> | u + v | (*) 

(vi m+v = u + v +2 m . v < m + v +2 w.v= m + 


Dat u =(x; a), v = (y\b) . ap dung (*) suy ra ngay BDT (1) 

ap dung hai lan BDT (1) ta suy ra BDT (2), va cung suy ra cac BDT tong quat cho bo 2n 
so... 


Trff lai bai toan : ap dung BDT (2) ta dupe: 



Den day thi y tuong dung ham so la kha ro rang roi 
Xethamso f(t)=9t+^ voi 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Taco f'(t) = 9--^-<0,vt ejo,-^J =>f(t)giamtren |o,^J =>f(t)>f^j = 82 . 

Vay P>f(t)>>/82 . 

Bai 9: (Khoi A - 2005). Cho x, y, z la cac so thuc duong thoa man dieu kien -+—+— = 4 . 

x y z 

Chiing minh rang: 1 + 1 + 1 <1 

2x+y+z x+2y+z x+y+2z 


Bai giai 

Tii gia thiet va BDT can chiing minh cho phep ta nghi ngay toi BDT co ban sau: 

* Voi a,b duong ta co , hay —-—<—[ —+— 1. 

a b a + b a + b 4^a bj 

Dau xay ra khi va chi khi a = b 

* Ap dung “kheo leo ” BDT tren ta dupe 

i „if i i 1L.if t . ifi. tYL tft. t , f 1 ^ 

( 2 ) 

(3) 


2x + y + z 4(2x y + zj 4[2x 4(y z )\ 8(x 2y 2z 


1 - 1 ! 

r 1 il l! 

f 1 , !| 

VT 

l- 1 ! 

a , 1 i r 

x+2y + z 41 

1 - 1 ! 

1 ^ 1_ 

(n' 

[2y 41 

f 1 , !| 

J + zJ. 

'i + il 

J 8 ' 

l- 1 ! 

v y 2x 2z^ 

i, i | r 

x + y+2z 41 

v 2z y+xj 4 

|_2z 4l 

yV xj 

J si 

v z 2y 2 Xj 


Cong theo tung ve cac BDT (1), (2) va (3) ta duoc 

1 | 1 | 1 ^ 1 fl | 1 | l)--! 

2x+y+z x+2y+z x+y+2z 4fx y zj 
Bai 10: (Khoi B - 2005). Chiing minh rang voi moi x e R, ta co 


12 15 o2 12 20 , 2 15 20 c2 

—.— = 3 ; —.— = 4-; —.— = 5 
5 4 5 3 4 3 


“ Den day ap dung BDT Cosi cho hai so duong ta co 
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Chuyen de Bat dSng thuc LTDH nam 2015 

Bien soan: Thay Le Xuan Dai cvp 

py + ri£T 22 

If-T/-T=2.3* (1) 


UJ UJ 

f-rT+fUi 

U.fU=2.4' (2) 

UJ UJ V 1 

v 5 J UJ 

ri£T + W 22| 

rnT.w =2 . y (3 ) 

UJ UJ \ 

UJ UJ 

Cong cac BDT (1), (2), (3) taduoc j^j 

+ (?) + (?) - 3X+4X+5X ( d p cm )- 

Dau “=” xay ra khi va chi khi x=0. 

Bai 11: (Khoi D - 2005). Cho cac so thuc duong x, y, z thoa man xyz = 1. 

Chung minh rang: 

Vi+x 3 +y 3 , V 1 

+ y> + z- + Vl + z> + x> 23 ^ 

xy 

yz zx 


Bai giai 

* Ap dung BDT Co si cho ba so duong ta co 

1.x 3 .y 3 >3^/l.x 3 .y 3 =3xy *’ 1V > f- (1) 

xy V x y 

* Cung hai BDT tuong tu ta duoc 

/l+x 3 +y 3 -y/ 1 + y 3 + z 3 Vl + z 3 +x 3 a/3 -s/3 -J 3 

x y y z zx Uy Vyz Vzx 

*M S tkhac: 

V x y A z Vzx ^ V x y Vy z Vzx 

_ -y/i+x 3 +y 3 | Vl + y 3 +z 7 | Vl + z 3 +x 3 
xy yz zx 



Bai giai 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


* Bai toan nay c6 chut gan gui vdi bai 11, neu tinh y ta thay rang 
4 x .4 y .4 z = 4 x+y+z = 4° = 1 

* TaCO : 3+4 x = 1+1+1+4 X >4 tfV =>a/3 + 4 x >2yfW = 2 a j4* 

* Cung hai BDT tuong tir ta dirge 

V3 + 4 X +V3 + 4 y +V3 + 4 2 >2^V4 r + V4 7 + V4 7 ]>6>/^4^F = 6 
Dau “=” xay ra khi va chi khi x=y=z=0. 


Bai 13: (Dir bi A - 2005). Chiing minh rang vai moi x,y > 0, ta co 

, 1 +x) H( ,+ ;fJ s256 


Bai giai 


.j. rp ✓ . . X X X , ,/X* 

Taco 1+x - , + 3 + 3 + 3 i4 fc 

Tuangtu: 1+^ = 1+-^-+-^-+-^- >4 tl-j-r 
x 3x 3x 3x V 3 3 .x 3 

va 1 + 8 u 3 + * + 3 ,4 4 E Ju'JubJ* 
Vy Vv Vv Vy |(Vy) l vy 

Dodo 


Bai 14: (Dirbi B - 2005). Cho a, b, c laba s6 dirang thoa man a+b+c =-. 

4 

Chiing minh rang 


>/a+3b+>/b+3c +^/c+3a <3 


Bai giai 


Cach 1 
Ta co 

>/a+3b = ^/(a + 3b)1.1 < a+3b 3 +1 + 1 = l( a +3b+2) 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


yjb +3c =^/(b+3c)1.1 < b+3c 3 +1 + 1 =|(b+3c+2) 

^/c73a =^/(c+3a)1.1 < C+3a 3 +1 + 1 =|(c+3a+2) 

=> lfa+3b + ^/b+3c + >/c+3a <^[4(a+b + c)+6]<^4 • ^+6j = 3 

« „ , a + b+c=— , 1 

[a+3b =b+3c =c+3a 4 

Cach 2 
Dat 

x = 3]a+3b => x 3 = a + 3b 
y = >/b + 3c => y 3 =b+3c 
z = >/c + 3a => z 3 =c+3a 

=> x 3 +y 3 +z 3 =4(a+b+c) = 4— = 3 . Ta can chung minh x + y + z <3 
4 

BDT nay la qua don gian roi! ( cac em tu chung minh xem nhe). 


Bai 15: (Du bi 2 B - 2005). Chung minh rang neu 0 < x ^ y < 1 ta co 
x^y-y^y. 


Bai giai 

Tu 0 < x < 1 suyra >/x>x 2 

Ap dung BDT Co si cho ba so duong ta co 

^-+y^yx 2 +^->2 yx 2 4=xVy (dpcm). 


Dau bang xay ra < 


0 < x < y < 1 
a/x =x 2 


Bai 16: (Du bi 2 D - 2005). Cho x, y, z duong thoa man x.y.z = 1 . Chung minh rang 

x 2 y 2 z 2 3 
1 + y 1+z 1+x 2 










Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Bai giai 


Taco > 

i + y 4 


x 2 i+y 
V i +y 4 


Cung hai BDT tuong tu ta dirge 




> J^ + J^ + ^>3^±y±^_3>3. 3 .3/^-3 = i-3 = 3 (dpcm). 

1 + y 1+z 1+x 4 4 4 V y 4 4 4 2 V F ’ 


Bai 17: (Dir bi A- 2006). Cho x,y,z duong thoa man 3 X +3 y +3 Z = 1. Chung minh rang: 

[ 3 X +3 y +3 Z 


9 y 

+ 3 y +3 Z+ 


( 1 ) 


Bai giai 


Dat a = 3 X , b = 3 y , c = 3 Z (a, b, c > 0) 

Taco: 3“ x +3- y +3~ z =1 o -+-+- = i < 

a b c 

BDT can chung minh trd thanh: 


ab+bc+ca = abc (*) 


a + bc b+ca c + ab 
^ a + b+c 


( 2 ) 


a 2 +abc b 2 +abc c 2 +abc 
Taco: a 2 +abc = a 2 +ab + bc + ca = (a + b)(a + c) (do ab +bc +ca = abc ) 
Tuong tir b 2 +abc =(b+a)(b+c) va c 2 +abc = (c + a)(c +b) 

i 3 b 3 c 3 a+b+c 


Do do (2) - 

(a+b)(a+c) (b + a)(b+c) (c+a)(c+b) 

Ap dung BDT Co si cho ba so duong ta co 

a 3 a+b a+c._„fa®" 3 
(a+b)(a+c) 8 8 164 4 


Tuong tu -^- + b±c + b±a i3 .bL = 3b 

& ‘ (b+c)(b + a) 8 8 V64 4 


(3) 


(c+a)(c+b) 8 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Cong turng ve cua ba BDT ta dirge: 

a 3 + b 3 + c 3 1. . . 

(a+b)(a+c) + (b + a)(b+c) + (c+a)(c+b) + 2 

a 3 + b 3 + c 3 > a+b+c 
(a+b)(a+c) (b + a)(b+c) (c+a)(c+b)~ 4 


> 3(a+b+c) 

4 

suy ra (3) dirge chung minh 


Bai toan dirge chung minh hoan toan. 


Bai 18: (Khoi A - 2007). Cho x, y, z la cac so thuc duong thoa man xyz=l. 


Tim gia tri nho nhat cua 


x 2 (y + z ) | y 2 (z + x) | z 2 (x+y) 

yy[y + 2zyfz z*Jz + 2xyfx x4x J r2y y fy 


Bai giai 

* Gia thiet “xyz=l ” thuong co rat nhieu ky thuat “jc u U ” tinh te, viec dung no the nao 
con phu thuoc vao turng bai toan. Trong bai toan nay co mot lien he nho giua tir va mau, cu 
the ta thuc hien loi giai nhu sau: 

Taco x 2 (y + z)=x 2 y+x 2 z^2 A /x 4 yz =2xjx (do xyz=l) 

Tuong tu y 2 (z + x) >2y^y va z 2 (x + y) ^ 2 zVz 

2xyjx . 2 y^ 2zS 
yjy+2zyjz zVz+2x>/x xVx+2y^/y 

* Den day tir va mau da qua “gan gui ” roi. De bai toan don gian hon ta thuc hien 
phep doi bien “khong lam thay doi gia thiet” sau: a = xVx;b = y^y;c = zVz , khi do abc=l. 


Luc do P > 


2a 


2b 


2c 


b + 2c c + 2a a + 2b 

* Cac ban hay chung minh BDT sau nhe (rat quan trpng day, qua nhieu ap dung hay) 


mb + nc me + na ma + nb m + n 
(vbi mgi a,b,c duong; m,n la hang so duong cho truoc) 

* Ap dung BDT nay ta co ngay P > 2 (cung chang can den abc=l nua) 
Dau bang xay ra khi x=y=z=l. Vay GTNN cua P bang 2. 


Bai 19: (Khoi B - 2007). Cho x, y, z la cac so duong thay doi. Tim gia tri nho nhat cua 


bieu thuc 






















Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Bai giai 


rr, ✓ „ x y z x +y +z 

Taco P =—+ 1 —+—+--- 

222 xyz 


+z ^ 


^ x 2 +y 2 +z 2 > xy + yz + zx _ 1 + 1 + 1 
xyz - xyz xyz 


> P> 


x 2 y 2 z 2 1 1 1_(x 2 1] 


1 1 


'2 2 2 xyz 1^2 xj 2 yj 2 z J 

Y tuong dung ham so lai den rat tu nhien 
Xethamsd f(t)=y+| vdit>0=> f'(t)=t-^=0ot=i 


Lap bang bien thien ta dirge f (t) > |, Vt > 0 . Suy ra P > ^. 

Dau bang xay ra khi va chi khi x = y = z = 1. Vay GTNN cua P bang . 


Bai 20: (Khoi D- 2007). Cho a > b > 0. Chung minh rang 




Bai giai 

Bat dang thuc da cho tuong duong voi 


(l + 4') l s(l + 4 k )' 


ln(l + 4 a ) ln(l + 4 b ) 
a b 


Xet ham so f (x) = 


ln(l + 


- voi x>0. Ta co: f '(x) 


4 x ln4 x -(l + 4 x )ln(l + 4 x J 
x 2 (l + 4 x ) 


Suy ra f(x) nghich bien tren (0;+oo). 
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Bai giai 

Ta se ap dung BDT sau: (a +b) 2 > 4ab 


Taco |P| 


(x-y)(l-xy) ^ (x + y)(l + xy) 1 g 

(l + x) 2 (l+y) 2 [(x + y) + (1 + xy)] 4 4 4 
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Bai giai 

Ta co x + -^4(y 3 + z 3 ) > x + y + z , suy ra- Z y + Z 

x + ^/4(y 3 + z 3 ) x + y + z 

Cung hai BDT tirong tir ta dirge dpem. 


Bai 25: Cho a,b,c dirang thoa man dieu kien a + b + c > — f 1 + —j. Tim giatri nho nhat cua 

2 V abc ) 

p _ a 3 b + b 3 c + c 3 a 
1 + ab * 2 1 + bc 2 1 + ca 2 
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Chuyen de Bat dang thuc LTDH 



Bai giai 

Cai hay va kho cua bai toan la gia thiet (x + y) 3 + 4xy > 2 (1) 

Bieu thuc A chi chiia cac so hang x 2 + y 2 va x 2 y 2 . Dieu nay cho ta nghT tdi viec danh gia 
tong x+y va qua do danh gia duoc tong binh phuong x 2 + y 2 . 

Cu the ta bien doi gia thiet (1) nhu sau: 

Ta co (x + y) 3 + (x + y) 2 > (x + y) 3 + 4xy > 2 (x + y) 3 + (x + y) 2 - 2 > 0 => x + y > 1. 

(x + y) 2 1 , , 

Suy ra x 2 + y 2 > --— > —. Ta bien doi A nhu sau: 

^ 2 2 

A = 3[(x 2 + y 2 ) 2 - x 2 y 2 ] - 2(x 2 + y 2 ) +1 > 3j^(x 2 + y 2 ) 2 - - 2(x 2 + y 2 ) +1 

= 7 (x 2 + y 2 ) 2 -2(x 2 + y 2 ) + l 

4 

9 9 1 9 9 1 9 1 

Bat t = x + y thi t > —. Xet ham f(t) =— t -2t + 1, t > — ta timra minf(t) = — khi t = —. 

2 4 2 16 2 
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Chuyen de Bat dang thuc LTDH 



Bai giai 

Tir gia thiet ta co (x+y)(x+z)=4yz. 

Do do BDT tuong duang vai (x + y) 3 + (x + z) 3 + 12yz(y + z)<5(y + z) 3 (1) 
Mat khac 

3tv + zt 2 

x + (y + z)x = 3yz < 4x + 4(y + z)x - 3(y + z) < 0 

«> (2x - y - z)[2x + 3(y + z)] < 0 => 2x < y + z => 8x 3 < (y + z) 3 

Ap dung BDT co ban: (x + y) 3 < 4(x 3 + y 3 ) ta duoc 

VT(1) <4(x 3 + y 3 ) + 4(x 3 + z 3 ) + 12yz(y+ z) =8x 3 + 4(y+ z) 3 <5(y + z) 3 (dpcm) 
Dau dang thuc xay ra khi va chi khi x=y=z. 
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Bai 29 (DH KB-2010). Cho a,b,c khong am thoa man a+b+c= 1. Tim 
P = 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3 (ab + bc + ca ) + 2y[a 2 


Bai giai 

Ta bien doi P theo mot ham so cua bien t=ab+bc+ca. 

Ta co BDT co ban 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > (ab + bc + ca) 2 = t 2 
Suy ra P>t 2 +3t + 2\Jl — 2t. 

9 1 

Mat khac (a + b + c ) > 3 (ab + bc + ca) suy ra 0 < t < —. 

Xet ham f(t) = t 2 + 3t + 2^1 - 21 vbi 0 < t < —. 


Taco f'(t) = 2t + 3- 


2 _(2t + 3)y/l-2t-2 

sl\-2t ~ yl\-2t 


f \t) = 0 <=> (2t + 3)Vl -2t =2 (1) 


Bat u = yjl - 2t thi —==■ < u < 1, pt (1) trb thanh: u 3 -4u +2 = 0 (2) 

V3 

De chiing minh duoc u 3 -4u +2<0 vbi moi —j= < u < 1, do do (2) vo nghiem, tuc la (1) vo 
v3 

nghiem. Tir do suy ra ngay / \t) > 0 vbi moi 0 < t < ^. 

Do do f(t)>f( 0) = 2. Vay minP=2 khi chang han a=b=0 va c= 1. 


Bai 30 (DH KD-2010). Tim gia tri nho nhat cua ham so 

/( jc) = >^^+43^21 - 


Bai giai 

Tap xac dinh cua ham so D = [—2; 5]. 

Ta cb f'(x) = . ~ 2x + 4 -~ 2x + 3 vbi x e (— 2;5). 

2\J-x 2 +4x + 2l 2V-x 2 +3x + 10 

/ '(x) = 0 (~2x + 4)v/-x 2 + 3x + 10 = (~2x + 3)J-x 2 +4x+ 21 
Suy ra (~2x + 4) 2 (-x 2 + 3x + 10) = (~2x + 3) 2 (-x 2 + 4x+ 21) (1) 

81 

x = — 

Khai trien ta duoc 51x 2 -104x + 29 = 0 ^ . 


Thu lai chi cb x = — la nghiem cua (1). 


Lap brag bien thien cua ham so f(x) suy ra minf(x) = / 


H a/200-v/98 


Cac de thi nam 2011, 2012, 2013 cac ban co the tham khao de-dap an cua bo giao due tai 
http://www.toanmath. com 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


Tren day chi la mot each tiep can vdi phuong phap va each hoc ve BDT ma toi muon 
gioi thieu vdi cac ban, dac biet la cac em hoc sinh ldp 12 chuan bi thi DH- CD. Con mot so 
chuyen de sau hon toi se tiep tuc giri tdi cac ban sau. Hy vong chut it kien thuc nay se giup 
cac em hoc sinh 12 dat duoc ket qua cao nhat trong ky thi DH sap tdi. Chuc cac em thanh 
cong. Moi thac mac hay chia se hay lien he vdi toi theo dia chi 
Email: lexuandaicvp@gmail.com : SDT: 0912960417 
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Chuyen de Bat dang thuc LTDH 


MOT SO BAI TAP CHO CAC BAN LUYEN TAP 


1. Cho a,b,c duong thoa man a+b+c= 1. Tim GTNN cua P = a 3 +b 3 

2. Cho a,b,c khong am thoa man: a+b+c=l. Chung minh rang: 

2 

ab + be + ca - 2abc < — 

27 

3. Cho x > y > z > 0. Chung minh ring: — + — + — — 

z y x y z x 


4. Cho a>b>c>0. Chung minh rang: 


aV + b 3 c + c 3 a 2 > a 2 b 3 + b 2 c 3 + c 2 a 3 

5. Cho x,y,z duong. Chung minh rang: 

(x 4 + y 4 + z 4 ) + xyz(x + y + z) > xy(x 2 + y 2 ) + yz(y 2 + z 2 ) + xz(x 2 + z 2 ) 

6. Cho x,y,z khong am thoa man x 2 + y 2 + z 2 = 1. Chung minh rang: 

6(y + z - x) + 27xyz <10 

7. Cho a,b,c duong va k>0 cho trude. Tim GTNN cua 


cab (a + b)(b + c)(a + c) 

8. Cho x,y,z duong thoa man (x + y + z) 3 = 32xyz. Tim GTLN, GTNN cua 


9. Cho day u n = -n 4 + 20n 3 - 0,5n 2 + 13n n > 1. Tim s6 hang Ion nMt cua day va tfnh s6 


10. Cho x,y la cac so tu nhien. Tim GTLN cua ham so 


x + y + 1 (x + l)(y + l) 

11. Cho a, b, c la ba s6 thuc duong. Chung minh bit dang thuc: J-r— + J +«/ ° , > 2. 

\b + c \c +a \ a+ b 

12. Cho ba so duong a, b, c thoa a + b + c < 2. Chung minh : 


±bc b 2 + ca c 2 + ab abc 


13. Cho ba so duong a, b, c thoa: —=+—=+—= = 2. Chung minh bat dang thuc: 
Va yjb Vc 


Va + 3& -Jb + 3c Vc + 3a 
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Chuyen de Bat dang thirc LTDH i 


14. Xet cac so thuc duong x, y, z thoa man dieu kien x + y + z = 1 


Tim gia tri nho nhat cua bieu thuc: P 


x 2 (y + z) y“(z + x) z 2 (x + y) 


15. Tim gia tri ldn nhat va gia tri nho nhat cua ham so y = 2 1 . A + - 1 + x ——— 

Vl + x 2 -Vl-x 2 +2 

16. Tim gia tri ldn nhat va gia tri nho nhat cua ham so y = (l- x)\J\-x 2 

17. Cho x, y, z la cac so thuc thuoc doan [0; 1] va thoa man x + y + z = 1. Tim gia tri ldn nhat cua 
bieu thuc P = x 2 + y 2 + z. 

18. Cho x, y, z la cac so thuc thoa man x 2 + y 2 + z = 1. Tim gia tri ldn nhat, nho nhat cua bieu thuc: 

P = x 3 + y 3 + z 3 - 3xyz. 

19. Cho hai so thuc x, y thay doi va thoa man dieu kien x 2 + y 2 = 11. Hay tim gia tri ldn nhat va gia 
tri nho nhat cua bieu thuc P-x+xy 2 . 

20. Cho hai so thuc x, y thay doi va thoa man x 2 + y 2 = 8. Hay tim gia tri ldn nhat va gia tri nho 
nhat cua bieu thuc P = x 3 + y 3 -3xy. 

21. Cho x, y la hai so thuc thay doi va thoa man dieu kien: x 2 + y 2 = x + y . Hay tim gia tri ldn nhat 
va gia tri nho nhat cua bieu thuc A = x + y 3 . 

22. Cho x,y la hai so thuc thay doi va thoa man dieu kien: x 2 + y 2 = 2x-2y + 2. Hay tim gia tri 
ldn nhat va gia tri nho nhat cua bieu thuc A = x 2 + y 2 . 

23. Cho ba so thuc duong x, y, z. Tim gia tri nho nhat cua bieu thuc: 

P | z+x | **>.' 
y+z z+x x+y x y z 

24. Cho cac so thuc x, y, z thuoc khoang (0; 1) va thoa man: xy + yz + zx = 1. Tim gia tri nho nhat 

cua bieu thuc: T =-t— ^ -— 

(1- x 2 )(l- y 2 )(l- z 2 ) 

25. Cho cac sd thuc duong x, y thoa man: —+ — = 2. Tim gia tri nho nhat cua bieu thuc: 

x y 

A = x 3 + y 3 +x(y 2 - 6) + y(x 2 - 6) 

26. Cho 3 so thuc duong x, y, z thoa man: x + y + z < 1. Tim gia tri ldn nhat cua bieu thuc: 

P -xy + yz + zx- 2xyz 

27. Cho cac so thuc duong x, y, z. Chung minh: ——< x+y + z . 

xy + 3x yz + 3y zx + 3z 

28. Cho ba so thuc duong a, b, c thoa man: a.b.c = 1. Tim gia tri ldn nhat cua bieu thuc: 
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Chuyen de Bat dang thuc LTDH nam 2015 


Bien soan: Thay Le Xuan Dai cvp 


T _ ab + be + ca 
a + b + ab b + c + bc c + a + ca 

, jc y 4 2 ' 

29. Cho hai so thuc x, y khac khong, thoa man: — + — =-. Tim gia tri Ion nhat va gia tri nho 

y x y x 

nhat cua bieu thuc: T = x 2 + y 2 - x + 3y 

30. Cho ba so thuc duong x, y, z thoa man x + y + z < 3. Tim gia tri ldn nhat cua bieu thuc: 

T = jx 2 +x-l+^y 2 + y-l + yjz 2 + z-l 


A = xy + yz + zx + - 


31. Cho cac so thuc khong am x, y,z thoa man x 2 + y 2 + z 2 = 3. Tim gia tri ldn nhat cua bieu 
thuc 

_5_ 

x+ y + z 

(x 3 + y 3 )-(x 2 + y 2 ) 

32. Cho x,y eRvax, y>l. Tim gia tri nho nhat cua P = - - - —-- - 

(x-l)(y-l) 

33. Cho x, y, z la cac so thuc duong ldn hon 1 va thoa man dieu kien xy + yz + zx > 2xyz 

Tim gia tri ldn nhat cua bieu thuc A = (x - l)(y - l)(z -1). 

34. Chung minh: (x + y + z) — +—+—]< 12 vdi moi so thuc x, y, z thuoc doan [l; 3]. 

U y ZJ 


35. Cho ba so thuc duong a, b, c thoa man —— -- + —— -- + —— -- = 1 

a~+ab + b b + be+ c c +ca + a 

Tim gia tri ldn nhat cua bieu thuc S = a + b + c 

36. Cho x, y la hai so duong thay doi thoa dieu kien 4(x + y) - 5 = 0. Tim gia tri nho nhat cua bieu 

thuc S = — + —. 
x 4y 


37. Chung minh rang: e x + cos x > 2 + x - —, VxgR. 

38. Cho a, b, c la 3 canh cua tarn giac co chu vi bang 3. Tim gia tri nho nhat cua bieu thuc: 

p _ (a + b - c) 3 + (b + c - a ) 3 + (c + a - b) 3 

~ 3c + 3 a + 3b ' 


39. Cho ba so thuc a, b, c thoa man abc= 2 V 2 . Chung minh rang: 

a 6 +b 6 b 6 +c 6 c 6 +a 6 


- > 4 


a 4 +b A +a 2 b 2 b 4 +c 4 +b 2 c 2 c 4 +a 4 +c 

40. Cho a,b,c la ba so thuc duong tuy y thoa man a+b+c = 2 .Tim gia tri ldn nhat cua bieu thuc : 
ab be ca 


P = - 


\l2c + ab yl2a + bc yl2b + ca 
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Chuyen de Bat dang thuc LTDH i 


41 . Cho x, y, z la cac so duong thoa man x + y + z — xyz ■ Tim gia tri nho nhat ciia bieu thii'c: 


42 . Tim gia tri ldn nhat, gia tri nho nhat cua ham so y = 


3 + 8 cos 2 x +12 cos 4 x 


tfx + yj 2-X 


43. TimGTLN cua f(x) = 


44 . Cho cac so thuc duong a, b, c. Tim gia tri ldn nhat cua bieu there 


■\Ja 2 + b 2 +c 2 (a + l)(fe + l)(c + l) 

45. Cho a,b,c duong thoa man a 2 +b 2 + C 2 = 1. CMR: Xr + > 3 + +t ^ 

a b c abc 


46. Cho x,y,z duong thoa man . 


Z = 3. Tim GTNN cua bieu thuc 


y \ 2yl + 8y 3 +4x-2\ 


47. Cho a,b,c duong thoa man a b + b e + c a = 3a b e . Tim GTLN cua bieu thuc 


i 2 c + aJ2007(b + c) + x/200 9bc H 


48. Cho x,y,z khong am. Tim GTLN cua P = 


fz + 1 (l + x)(l + y)(l + z) 


49 . Cho x, y, z la cac so thuc duong, thoa man x + y + z = 3. Tim gia tri nho nhat cua bieu thuc 


y( 2z + x) z(2x + y) x(2 y + z) 

50 . Cho ba sd duong a,b,c co tdng bSng 3 . Chung minh rSng 


3a -4ab + llb 3b 2 -4bc + llc 2 3c 2 -4ca + lla 2 5 

51. Cho a, b, c la ba so duong thoa man a + b + c = ^. Tim gia tri ldn nhat cua bieu thuc: 

p= I + *>)(*>+ cj , I (b + c)(a + c) | I ( a+c)(a + b) 

^ (a + b)(b + c)+a + c y (b + c)(a + c) + a + b y (a + c)(a + b) + b + c 


52. Cho x > 0, y > 0 thoa man x y + xy = x + y + 3 xy. Tim gia tri nho nhat cua bieu thuc 
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Chuyen de Bat dang thuc LTDH 


, (l + 2xy) 2 -3 _ 
2 xy 


53. Cho x, y, z > 0thoa man x + y + z> 0. Tim gia trinho nhat cua P = 


54. Chung minh —- 1 -f—- 1 - — (>fab + \[bc + \[ca)> a+b + c vdi moi so duong a;b;c. 

a + b b + c c +a 2 v ' 

55. Cho a,b, c duong va a 2 +b 2 +c 2 =3. Tim gia tri nho nhat cua bieu thuc 


56. Cho x, y, z la cac so thuc duong ldn hon 1 va thoa man dieu kien — +—+ — > 2 

’ x y z 

Tim gia tri ldn nhat cua bieu thuc A = (x - l)(y - l)(z -1). 

57. Cho a,b,c > 0. Chung minh rang: 

i/f + i/f + i/^“T/ 3( “ + * + C)( a + T + c ) ‘ 

58. Tim GTLN cua ham so /(x) = sin ^ nX „ +cos — ^ UX ~ +2sin — ^ KX . 

l + 4x 2 3(1+ 4x 2 ) 3(1+ 4x 2 ) 

59. Cho x, y, z, t, s la cac so thuc thay doi thoa man 0<x<y<z<t<sva x + y + z + t + s = 1. 
Tim gia tri ldn nhat cua bieu thuc P = x(yz + ys + zt + ts) + zt( y + s - x). 

3 

60 . Cho x,y,z> 0 va x + y + z = — ■ T im gia tri ldn nhat cua bieu thuc: 

4 

E = ljx + 3y + l]y + 3z + yjz + 3x 

61 . Cho ba so thuc a,b,c thuoc khoang (0;2) va thoa man: ab+bc + ca + abc - 4 


Chung minh rang: y4-a 2 + V4-Z? 2 + V4-c 2 <3V3 

62. Cho 2 so thuc x, y thoa man : x+ y = 2-Jx-2 + yjy+l +1 . 


Tim GTLN, GTNN cua F = -( x -y) + ^(y-x)+ 2(1 + W^ + y } . 

2 2 Jx+y 

63 . Cho 2 so thuc x, y thoa man : x 2 + 4y 2 = 1 . Tim GTLN, GTNN cua 

^ _ (x +1) 2 + 4y(x + y +1) 
x + 2(y+ 1) 

64 . Tuy theo tham so m, tim gia tri nho nhat cua bieu thuc P= (x - 2y +1) 2 + (2x - my + 3) 2 . Vdi 

Vx, y e R 
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65. Cho 2 so thuc khong am x,y thoa man x" + y 2 + xy = 3. Tim gia tri Ion nhat, nho nhat ciia bieu 
thuc P = x 3 + y 3 - ( x 2 + y 2 ). 

66. _ Cho a, b, c, d la cac so thuc khong am, khac nhau tung doi mot, thoa man dieu kien 


ab + be + ca = 4. Chung minh rang 


(a-by (b-cy ( c-ay 


67. Vdi a, b, c la nhung so thuc duong, chung minh rang 


b +3c +5bc c + 3a + Sea a +3b+Sab a + b + c 

68. Vdi x, y, z la nhung so thuc duong thoa man x + y + z = xyz, chung minh rang 


sjl + x 1 Jl + y 2 VI + z 2 4 


69. Cho cac so thuc khong am a, b.Chung minh rang: 


(a 2 + b+ —)(b 2 + a+ —) > (2a+ — ) ( 2b + —) 
4 4 2 2 


70. Cho cac so thuc duong x,y,z . Chung minh rang: 


71. Cho cac so duong x, y, z thoa man xyz + x + y-z = 0. Tim gia tri ldn nhat ciia bieu thuc: 


jc+1 y +1 z +1 

72. Xet cac tarn thuc bac hai f(x) = a x 2 + bx + c, trong do a < b va f(x) > 0 vdi moi x e R. 


Hay tim gia tri nho nhat cua bieu thuc M =-. 

b-a 

73. Cho ba so duong a, b, c thoa man dieu kien : ab + be + ca = 2abc. 


Chung minh rang: 


a(2a-iy b(2b-l) 2 c(2c-l) 2 2 


74. Biet rang -Jx-1 + Jy- 2 = — ——. Tim gia tri nho nhat cua bieu thuc M =-f- 

3 x + 2 y +1 

75. Cac so duong a,b,c thoa man abc = 1 .Chung minh rang: -^ + -^ + -^- + 3> 2 (a +b + c) 

a b~ c 

76. Cho ba sd khong am a, b, c thoa man: a + b + c = 1. Chung minh ring: 

a 2 + b 2 + c 2 + sl\2abc < 1 

77. Cho x, y la cac so duong thoa man — + — + — = 3. Tim gia tri ldn nhat cua bieu thuc: 

xy x y 


x(y + l) y(jc + l) x+y x y 
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